Introduction
In 1950, G. Giuga conjectured (Giuga's conjecture, see [6] ) that if an integer n satisfies n−1 j=1 j n−1 ≡ −1 (mod n), then n must be a prime. Moreover, Giuga proved that n is a counterexample to his conjecture if and only if for each prime divisor p of n, (p − 1)|(n/p − 1) and p|(n/p − 1). Using this characterization, he proved computationally that any counterexample has at least 1000 digits. Equipped with more computing power, E. Bedocchi (see [4] ) later raised this bound to 1700 digits. Improving their method, D. Borwein, J. M. Borwein, P. B. Borwein and R. Girgensohn (see [5] ) determined that any counterexample contains at least 3459 distinct primes and so has at least 13887 digits.
The second of the above conditions (p|(n/p − 1)) motivated the following definition of Giuga Numbers, introduced by Borwein et al. in the paper [5] , where these numbers were studied in detail. Definition 1. A Giuga Number is a composite number n such that p|(n/p − 1) for every p, prime divisor of n.
There are several characterizations of Giuga Numbers. The most important being the following. Proposition 1. Let n be a composite integer. Then, the following are equivalent: i) n is a Giuga Number.
ii)
where φ is Euler's totient function (see [5] ).
iv) nB φ(n) ≡ −1 (mod n), where B is a Bernoulli number (see [1] ).
It has been conjectured by Paolo P. Lava (see [2] ) that Giuga Numbers are the solutions of the differential equation n ′ = n + 1, with n ′ being the arithmetic derivative of n.
Up to date only thirteen Giuga Numbers are known (see A007850 in the On-Line Encyclopedia of Integer Sequences):
• With 3 factors: 30 = 2 · 3 · 5.
• With 4 factors:
• With 5 factors: 66198 = 2 · 3 · 11 · 17 · 59.
• With 6 factors:
• With 7 factors:
• With 8 factors:
There are no other Giuga Numbers with less than 8 prime factors. There is another known Giuga Number (found by Frederick Schneider in 2006) which has 10 prime factors, but it is not known if there is any Giuga Number between this and the previous ones. This biggest known Giuga Number is:
Observe that all known Giuga Numbers are even. If an odd Giuga Number exists, it must be the product of at least 14 primes. It is not even known if there are infinitely many Giuga Numbers.
The most important result about Giuga's conjectureit is due to Giuga himself (see [6] or [5] ).
Proposition 2.
A composite integer n is a counterexample to Giuga's conjecture if and only if it is both a Carmichael Number and a Giuga Number.
On the other hand, Luca, Pomerance and Shparlinski (see [9] ) have established the following bound for the counter function of the counterexamples to Giuga's conjecture thus improving a result by Tipu in [10] :
Finally we will mention that Bernd C. Kellner [8] has stablished that Giuga's conjecture is equivalent to the following conjecture by Agoh.
Conjecture 1 (Takashi Agoh, 1990) . Let B k denote the k-th Bernoulli number. Then, n is a prime if and only if nB n ≡ −1(mod. n)
New characterizations for Giuga Numbers
The following result will be the core of the paper. It stablishes that in Proposition 1 iii) we can replace Euler's totient function φ(n) by Carmichael's function λ(n) or by any multipli of φ(n) or λ(n).
Proposition 3. For every natural numbers A, B and N we have that:
s with p i distinct odd primes. Choose i ∈ {1, . . . , s}. We have that:
Now, since both Aλ(N ), Bφ(N ) ≥ r i , we get:
Consequently:
Clearly if N is odd the proof is complete. If n is even we have that:
Now, if a = 1, 2 or 3 it can be easily verified that:
On the other hand, if a ≥ 4 we have that φ(N ) ≥ λ(N ) ≥ a and, consequently j Aλ(N ) ≡ j Bφ(N ) ≡ 0 (mod 2 a ) for every 1 ≤ j ≤ 2 a−1 even. Thus:
and the result follows.
The proposition above allows us to introduce some new characterizations of Giuga Numbers. Recall that a composite integer n is said to be a Giuga Number if and only if
Corollary 1. Let n be any composite integer. Then the following are equivalent: i) n is a Giuga Number.
iii) For every positive integer K,
iv) There exists a positive integer K such that
v) There exists a positive integer K such that
vi) For every positive integer K,
Proof. It follows readily from the previous proposition and from Proposition 1 iii).
Proposition 1 also allows us to show in a different and novel way that an integer which is both a Carmichael Number and a Giuga Numberis a counterexample to Giuga's conjecture.
Corollary 2.
If an integer n is both a Carmichael Number and a Giuga Number, then:
Proof. If n is a Carmichael Number, then λ(n)|(n − 1). If we put k = n−1 λ(n) , then we have:
If, in addition, n is a Giuga Number we can apply Proposition 3 with A = k and B = 1 to get S ≡ −1 (mod n) as claimed.
Although the previous result is not new, it is interesting to observe that the proof avoids the use of Korselt's criterion which is replaced by Carmichael's criterion, i.e., λ(n)|(n − 1).
The following result, which is also a consequence of Proposition 3, will allow us to generalize Giuga's ideas by considering the congruence
Corollary 3. If an integer n is a counterexample to Giuga's conjecture, then:
n−1 j=1 j k(n−1) ≡ −1 (mod n) for every positive integer k.
Proof. If n is a counterexample to Giuga's conjecture, then it is both a Carmichael and a Giuga Number. Being a Carmichael Number, we have that λ(n)|(n − 1) so if
λ(n) = k ∈ N we get:
and, since n is a Giuga Number it is enough to apply Corollary 1 and Proposition 3 to get S ≡ −1 (mod n).
Generalizing Giuga's conjecture
In this section we generalize Giuga's ideas in the following way: Do there exist integers k and n such that the congruence
In what follows we will denote the set of Giuga Numbers by G and the set of Carmichael Numbers by C. Moreover, for every positive integer k let us define the following sets:
Remark. With the previous notation, Giuga's conjecture is equivalent to the statement G 1 = ∅. Also observe that, for every positive integer k:
k ∈ K n if and only if n ∈ G k . Theorem 1. Let n be a composite integer. Then the following are equivalent:
Proof. Assume that n ∈ G and that λ(n) gcd(λ(n), n − 1) divides k. Then we have:
due to Corollary 1.
Conversely, assume that n ∈ G k . This means that
As a consequence (see [11] [Theorem 2.3]) we have that p − 1 divides k (n/p − 1) and that p divides n/p−1 for every p, prime divisor of n. and, moreover, n is square-free. Since n is square-free we have that λ(n) = lcm{p − 1 | p odd prime dividing n}.
Thus, λ(n) divides k(n − 1) and, consequently, λ(n) gcd(λ(n), n − 1)) divides k. It is enough to apply Proposition 3 with B = 1 and A = n−1 gcd(λ(n),n−1) to finish the proof.
If we put k = 1 in the theorem above, we obtain again Corollary 2 and also its reciprocal thus completing the characterization of counterexamples to Giuga's conjecture without the use of Korselt's criterion.
Corollary 4. An integer n is a counterexample to Giuga's conjecture if and only if it is both a Carmichael and a Giuga Number. In other words:
Proof. Let n ∈ G 1 . Then, by the previous theorem n ∈ G and gcd(λ(n), n − 1) = λ(n); i.e., n ∈ C. Now, let n ∈ C ∩G. Then
gcd(λ(n),n−1) = 1 and also the previous theorem implies that n ∈ G 1 . This completes the proof.
By Theorem 1 we can find values of k such that G k is non-empty. To do so, we evaluate λ(n) gcd(λ(n),n−1) for every known Giuga Number. Thus, we will have thirteen values of k for which G tk is known to be nonempty for any t. In the case t = 1, they are: Given any positive integer n, Theorem 1 gives a complete description of the set K n as can be seen in the following corollary.
Corollary 5. Let n be any positive integer. Then:
otherwise.
Remark. Observe that K n = N if and only if n is a counterexample to Giuga's conjecture.
Reflecting about Giuga's conjecture
In recent work by W. D. Banks, C. W. Nevans, and C. Pomerance [3] , the following bounds were given: Theorem 2. For any fixed ε > 0, β = 0.3322408 and all sufficiently large X, we have |{n < X|n ∈ C}| ≥ X β−ε (due to G. Harman [7] )
The authors of the aforementioned paper consider the above bounds to be consistent with Giuga's conjecture. We believe, however, that the same consideration could be made with respect to conjectures that are actually false, such as G 4 = ∅ or G 1552848 = ∅. What is clearly consistent is the assumption that the elements of G k , regardless of the value of k, are extremely "scarce".
Furthermore, the authors of the present paper, in view of the generalization presented here, are convinced that Giuga's conjecture is not based on any sound logical-mathematical consideration and that its strength rests on the extreme rarity of Giuga Numbers, combined with the computational difficulties that the search for new numbers belonging to this family entail, as well as with the null asymptotic density of Carmichael numbers. In fact, if we may be forgiven the joke, we might conjecture -without any fear of our conjecture being refuted in many years-that G 2 = G 3 = G 5 = ∅ or, to be even more daring, that G p = ∅ for all prime p. Of course, Giuga's conjecture has the honour of being the strongest of all of these conjectures.
In fact, in virtue of Corollary 3, should it be refuted, all the others would fall with it.
